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013.04.0Abstract In this paper, harmonic balance method, exact formulation and numerical simulation
method are adopted to study the effects of different friction stiffness on the stability of 1.5 degrees
of freedom aeroelastic system. On this basis, the expressions of input energy and dissipated energy
are deduced, and the energy method is used to reveal the mechanisms of the stable boundary and
unstable boundary existing in the system and the effects of different friction stiffness on the stability
of the system. Studies have shown that the stability region and the critical aerodynamic damping
ratio of the system rise with the increase of the friction stiffness, while the friction stiffness has little
effect on the stability boundary. In the analysis of the stability of system, the results of harmonic
balance method, exact formulation and Newmark of numerical simulation method are in good
agreement. Compared with exact formulation and numerical simulation method, the concept and
conclusion of harmonic balance method are simple in the system stability analysis.
ª 2013 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
The phenomenon of friction is widespread in mechanical struc-
ture. The problem of structural response with friction has been
studied by many scholars. Ding1 overviewed ten approximate
friction models including Coulomb friction, Bristle friction
model and Reset Integrator friction model, and made a won-
derful comment about the characteristics and range of applica-
tions of these friction model. Den Hartog2 obtained the exact
solution of a single degree of freedom model with Coulomb
friction ﬁrstly. Yeh3 extended the exact solution to two degrees0 82338967.
(T. Tan), limin@buaa.edu.cn
orial Committee of CJA.
g by Elsevier
ing by Elsevier Ltd. on behalf of C
51of freedom model. Grifﬁn4 adopted a hysteretic spring friction
model while studying the response of the blade with friction
damper, and simpliﬁed the blade system to a single degree of
freedom of mass-spring model, then discussed the maximum
response of the system by Ritz method. Hao and Zhu5 pro-
posed a method to calculate the response of complex structure
with friction damping – dynamic compliance method, and the
method was applied to calculate the steady-state response of a
turbine blade which included a friction damper. For these hys-
teresis non-linear problems, Ding and Chen6 studied the main
resonance of a class of bilinear hysteresis nonlinear non-auton-
omous system with self-excited features, and revealed the rela-
tionship between the response and system parameters by
singularity theory. Sinha and Grifﬁn7 studied the ﬂutter of a
1.5 degrees of freedom aeroelastic system with hysteretic spring
friction based on the research of Grifﬁn by using the negative
damping force to represent the unsteady aerodynamic force,
and used harmonic balance method to discuss stability prob-
lems of the system with small friction stiffness. The conclusion
of the research has been veriﬁed by a numerical simulationSAA & BUAA. Open access under CC BY-NC-ND license.
Stability analysis of an aeroelastic system with friction 625method. Mignolet et al.8–10 also researched the model studied
by Sinha in the study of the effects of frictional structural non-
linearity on the system in the presence of negative aerodynamic
damping, and studied the stability of the system with a small
friction stiffness through harmonic balance method, exact for-
mulation and numerical simulation method. Li et al.11,12
solved the dynamical equation of a two-dimensional airfoil
with polynomial hysteresis nonlinearity in pitch using numeri-
cal integration method and harmonic balance method
respectively.
In this paper, further study about the effects of different
friction stiffness on the stability of the system is performed
based on the previous research model and research methods,
and the mechanism is revealed through the energy method.
The reliability problems of these three analysis techniques in
the solution process are also discussed, which provide a refer-
ence for selecting analysis methods.Fig. 1 Simpliﬁed model.
Fig. 2 Equivalent model.2. Model introduction
Grifﬁn4 derived the equations of motion of the blade detailed
in the study of how to use the blade-to-ground damper to sup-
press the gas turbine blade resonance. Grifﬁn used the ﬁrst-or-
der mode as the general basic vector in the equations of motion
due to the ﬁrst-order mode predominates while the blade is res-
onating, which made the inﬁnite degrees of freedom model
degenerate into a single degree of freedom model. The system
included a hysteretic spring friction model which introduces a
dependent coordinate system; therefore it was deﬁned as 1.5
degrees of freedom system.
Sinha and Grifﬁn7 researched a 1.5 degrees of freedom sys-
tem in the study of effects of friction damping on ﬂutter of gas
turbine blades, and made some results in the research of system
dynamic stability by using the negative damping force to de-
note the unsteady aerodynamic force. Mignolet et al.8–10 also
researched the 1.5 degrees of freedom system in study of the
effects of frictional structural nonlinearity on the system in
the presence of negative aerodynamic damping.
The object of the above study is a non-linear aeroelastic sys-
tem. Because of the lack of accurate and reliable calculation,
analytical methods and test speciﬁcations, and also the lack
of complete understanding of the mechanism about complex
nonlinear aeroelastic phenomena, for the nonlinear aeroelastic
system, the main solutions for nonlinear aeroelastic problems
are to try to decrease the non-linear level, increase the safety
factor, or use linear analysis tools for processing in the current
engineering. This way is effective for some weak non-linear
problems, but the way which is to improve the safety margin
to ensure ﬂight safety is contrary to the optimization of reduc-
ing the structural weight to improve the efﬁciency of the struc-
ture. For strong non-linear factors, the linear methods can still
not predict the aeroelastic response and stability accurately.
Taking into account the role of the expansion of the ﬂight atti-
tude and scope, the widespread use of advanced materials, the
enhancement of ﬂight control system and other factors in the
current and future aircraft design, it is urgent to study the
non-linear aeroelastic analysis and applied research for guar-
anteeing ﬂight safety and improving aircraft performance.
There are some advantages to analyze the 1.5 degrees of
freedom system. In the ﬁrst place it can avoid solving the cum-
bersome nonlinear equations. Secondly the regularity charac-terized by the system can be assured not to lose generality.
The simpliﬁed model of the 1.5 degrees of freedom is shown
in Fig. 1, and the motion equation of the system is
m€uþ c _uþ ðkþ kdÞu ¼ Q cos xtþ kdz ð1Þ
The system introduces a hysteretic spring friction model, the
maximum static friction is Fd, the spring represents the coefﬁ-
cient of shear elasticity between two frictional surfaces, and kd
is notated as the friction stiffness here. If |u  z| < Fd/kd, the
model is in the viscous phase; when |u  z|= Fd/kd, slid oc-
curs, and the friction is Fd at this time.
For the nondimensionalization of Eq. (1), let e ¼ kd=
ðkd þ kÞ, n ¼ c=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4mðkd þ kÞ
p
, x ¼ u=u0, y ¼ z=u0, t ¼ t=T,
~x ¼ xT, f0 ¼ Q=Fd ¼ Q=ðkdu0Þ.where
u0 ¼ Fd=kd; T ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m=ðkd þ kÞ
p
Then Eq. (1) can be expressed as
€x 2n _xþ x ¼ eyþ ef0 cos ~xt ð2Þ
Eq. (2) is the equation of motion of the system depicted in
Fig. 2. e is the friction stiffness, and the second term of the
equation is the negative damping force (n> 0), which repre-
sents the aerodynamic force of the 1.5 degrees of freedom
system.
When f0 = 0, the system depicted in Fig. 2 is the simplest of
1.5 degrees of freedom aeroelastic system. In this paper, the
following analysis is based on f0 = 0.
626 T. Tan et al.Limit cycle oscillation of an aeroelastic system attracts a
great deal of attention by the researchers and engineers, whose
form of expression is a cycle motion. Assume that the ampli-
tude of periodic motion of the system is A and the friction
of the system is Fc, the sketch map of friction is depicted in
Fig. 3. When |x  y| < 1, the friction is in the viscous phase,
and when |x  y| = 1, slid occurs, then the friction is e. If
the movement of the system is from the largest positive ampli-
tude to the maximum negative amplitude, the friction path is
BCD. However, if the movement of the system is from the larg-
est negative amplitude to the maximum positive amplitude, the
friction path is DEB. By this time, the change of y with x is
shown in Fig. 4, and it just changes the direction of change
in the opposite direction with the friction.
3. Analytical methods
3.1. Harmonic balance method
The basic idea of harmonic balance method is to expand the
excitation of vibration system and the solving of equations into
Fourier series. From the physical meaning, in order to ensure
the balance of every order harmonic component of the force
and inertial force, the same order harmonic coefﬁcient at both
ends of the kinetic equation must be equal, resulting in a series
of algebraic equations containing the unknown coefﬁcients,
and then the Fourier series coefﬁcients are to be determined.13Fig. 3 Sketch map of friction.
Fig. 4 Sketch map of y.Suppose the cycle response of the system is
x ¼ A cosxt ð3Þ
The relationship between y and x can be obtained from Fig. 4
after some simple algebra,
on BC: y = A  1, 0 6 h 6 hc
on CD: y = x+ 1, hc 6 h 6 p
where hc = arc cos (1  2/A)
The nonlinear term ey can be expanded in a Fourier series,
the ﬁrst terms of which are
ey ¼ a cos hþ b sin h ð4Þ
It is easy to ﬁnd that y(h) = y(h+ p), therefore, a, b can be
expressed as
a ¼ 2e
p
Z p
0
y cos hdh ¼ eAðp hc þ 1=2 sin 2hcÞ=p ð5Þ
b ¼ 2e
p
Z p
0
y sin hdh ¼ 4eð1 1=AÞ=p ð6Þ
By substituting Eq. (3) into Eq. (2), the coefﬁcients of sine
component and cosine component are equal to zero
respectively,
Ax2 þ A ¼ a ð7Þ
2nAx ¼ b ð8Þ
From Eqs. (6) and (8),
A ¼ 1 ð1 2pxn=eÞ
1
2
pxn=e
ð9Þ
From Eqs. (5) and (7),
x2 ¼ 1 eðp hc þ 1=2 sin 2hcÞ=p ð10Þ
For a given e and n, Eqs. (9) and (10) can be solved by numer-
ical method. With a given e, the stable and unstable boundary
of different systems can be obtained by changing the value of n
and solving Eqs. (9) and (10) in turn.
3.2. Exact formulation
Den Hartog2 obtained the exact solution of a single degree of
freedom model with Coulomb friction ﬁrstly. The prerequisite
assumption is that there is a periodic solution in the system,
and the amplitude of the solution is symmetric about balance.
The basic idea is to take the time of the maximum amplitude of
a certain period as the starting point of time and then to ana-
lyze the characteristics of the solution. Based on the assump-
tion, the system moves to the maximum negative amplitude
after a half cycle; at the moment, the absolute value of negative
amplitude is equal to the amplitude and the speed is zero. The
form of the solution can be derived according to these two
conditions.
For the system of this paper, friction is piecewise linear in
half cycle, so the form of the solution can be derived by piece-
wise exact formulation. Suppose that slid occurs at time t0.
When t= 0, assume that the amplitude of motion of the
system is x0, and the speed _x0 is 0 at the moment. For conve-
nient analysis, assume that the viscous phase begins under the
conditions of x  y= 1, i.e. y= x  1. Then from t= 0 to t0,
the response and speed of the system can be expressed respec-
tively as
Fig. 5 Stability plot of the system for e= 0.01.
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 
þ eðx0  1Þ ð11Þ
_x1ðtÞ ¼  n
2 þ x21
x1
xce
nt sinx1t ð12Þ
where
xc ¼ x0ð1 eÞ þ e; x1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n2
q
The viscous phase extends until x  y= 1; at the moment,
the displacement of the system is reduced by 2 from x0. There-
fore, the condition of the friction changes from the viscous per-
iod to slidable period is
x1ðt0Þ ¼ x0  2 ð13Þ
t0 could be solved from Eqs. (11) and (13), then the corre-
sponding speed _xðt0Þ can be obtained.
When t> t0, the friction is in the sliding phase. By using
x1ðt0Þ and _x1ðt0Þ as the initial conditions of this phase, the re-
sponse and speed can be expressed respectively as
x2ðtÞ ¼ enðtt0Þ
"
x0  2 e
1 e
 
cosx2ðt t0Þ
þ
_x1ðt0Þ  n x0  2 e
1 e
 
x2
sinx2ðt t0Þ
3
5þ e
1 e
ð14Þ
_x2ðtÞ ¼ enðtt0Þ
"
_x1ðt0Þ cosx2ðt t0Þ
þ
n _x1ðt0Þ  x0  2 e
1 e
 
n2 þ x22
 
x2
sinx2ðt t0Þ
3
5
ð15Þ
where
x2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e n2
q
The sliding phase continues till half-cycle T/2. After this mo-
ment, the viscous phase occurs again. According to the symme-
try, the equations are obtained respectively based on Eqs. (13)
and (14)
x2ðT=2Þ ¼ x0 ð16Þ
_x2ðT=2Þ ¼  _x0 ¼ 0 ð17Þ
Therefore, the period and amplitude of the system can be ob-
tained by solving the equations consisting of Eqs. (13), (16),
and (17).
It is worth noting that it is hard to obtain the analytical
expressions of period T and amplitude x0 from the above exact
formulation, therefore, for given system parameters, the above
equations can be solved by numerical method.
3.3. Numerical simulation method
The development of computer provides an effective platform
for scientiﬁc computing, which makes it possible for solving
the original difﬁcult problem. For Eq. (2) in this paper, theadaptive step size fourth-order Runge–Kutta (RK) method
and Newmark method (d= 1/2, a= 1/4) are adopted to solve
the equation directly, and some of the qualitative conclusions
are veriﬁed by numerical simulation method.
4. Stability analysis and mechanism analysis
4.1. Stability analysis for small friction stiffness
The solution of a week nonlinear system is harmonic, which
means the solution is near that of a linear system. The fre-
quency in Eq. (10) is approximately equal to 1 when the fric-
tion stiffness is very small for the system of this paper, that
is to say, the nonlinearity of the system is small.
Sinha et al.7–10 studied the stability of the system with a
small friction stiffness. The amplitude A vs n/e of the system
predicted by HBM, EF and NS with a small friction stiffness
(e= 0.01) is depicted in Fig. 5.
The meaning of the curves in Fig. 5 is that the region outside
BCD is unstable region, while the region within BCD is stable
region. When the initial condition of the system is within the re-
gion of BCD, the response of system will converge to the corre-
sponding amplitude of the EC line, thus, BC is called an unstable
boundary, EC is called the stable boundary, and the correspond-
ing n/e of C point is called the critical aerodynamic damping ra-
tio, which is denoted nc/e. The results show that the amplitudes
predicted by these three methods are in total agreement in the
study of the system stability for a small friction stiffness.
4.2. Mechanism analysis
The mechanism of the stable and unstable boundary existing in
the system can be explained from the energy view. Suppose
that the form of the system movement is Eq. (3), and then
the input energy and dissipated energy of the system in a cycle
are
Ein ¼
Z
2n _xdx ¼
Z T
0
2nA2x2 sin2ðxtÞdt ¼ 2nxpA2 ð18Þ
Edis ¼ 2
Z A2
A
ðex eAþ eÞdxþ 2
Z A
A2
ðeÞdx ¼ 4eðA 1Þ
ð19Þ
The relationship between Ein, Edis and the amplitude is de-
picted in Fig. 6. From the view of energy, the stability of
self-excited vibration depends on the mutual relationship of
Fig. 6 Relationship between Ein, Edis and the amplitude. Fig. 7 System response for different initial conditions.
Fig. 8 System stability solved by the HBM.
628 T. Tan et al.energy input and dissipation. If the amplitude deviates from
the steady-state value, the change of energy can lead the ampli-
tude back to the steady-state value, and then the self-excited
vibration is stable. Take the point Al depicted in Fig. 6 for
example. When the motion of the system has small perturba-
tion, if the amplitude increases, the dissipated energy is greater
than the input energy, thus the increased amplitude will return
to the Al. If the amplitude decreases, the input energy is greater
than the dissipated energy, thereby the reducing of amplitude
will increase to Al. To sum up, Al is a stable equilibrium point.
On the contrary, the self-excited vibration is unstable, like the
point Au shown in Fig. 6. If the amplitude increases, the dissi-
pated energy is smaller than the input dissipated energy, then
the amplitude of movement will continue increasing to diverge.
If the amplitude decreases, the dissipated energy is greater than
the input energy, so the amplitude will be reduced to Al. In
summary, Au is an unstable equilibrium point. This explains
why the stable boundary and unstable boundary exist in the
system of this study.
It is necessary to note that the dissipated energy is zero in
the condition of amplitude A 6 1, which is because the deriva-
tion of dissipated energy is based on the form of the friction
depicted in Fig. 3. If the friction does not enter the hysteresis
loop, the friction is in viscous phase, that is, the friction is
equivalent to an additional spring in parallel, and then the dis-
sipated energy of the system is zero obviously. If the initial
amplitude A0 6 1, the input energy of the system is greater
than dissipated energy, so the system’s amplitude increases
gradually and increases to Al.
When the initial amplitude A0P Au (the initial velocity is
zero), the motion of the system is divergent. When the initial
amplitude satisﬁes the condition of A0 < Au, the system’s mo-
tion converges to Al. For example, for e= 0.1, n/e= 0.1, the
amplitudes predicted by the HBM are Al = 1.2398 and
Au = 5.4387. The system response for different initial condi-
tions is shown in Fig. 7, which shows that the movement con-
verges to Al ﬁnally for A0 = 3.0 and 0.5, and the response is
divergent for A0 = 5.5.
4.3. Effects for different friction stiffness
The nonlinearity of the system intensiﬁes with the increase of the
friction stiffness. However, Sinha, Mignolet, et al. only studied
the system stability for a small friction, because the frequency
in Eq. (10) is approximately equal to 1 in this condition, which
leads to a big convenience for the analysis. In fact, the stiffnessof the friction damper is unique; the shortcomings of the approx-
imate frequency are impossible to assess the impact on system
stability for different e. The impact on the stability system is
studied for different e based on the above background, which
tries to provide effective reference for the design of friction dam-
per and the selection of the analysis methods.
In the following discussion, the system stability is analyzed
by harmonic balance method (HBM), exact formulation (EF)
and numerical simulation method (NS) for different friction
stiffness, and the results show that the regularity and conclu-
sion revealed by the analysis of these types of methods are
basically consistent, so the results of HBM are discussed here
only. The system stability analyzed by the HBM for different
friction stiffness is depicted in Fig. 8.
From the analytical results, the system stable region rises with
the increase of friction stiffness, which means, the unstable bound-
ary curve moves upward. In the meanwhile the system’s critical
aerodynamic damping ratio nc/e has an upward trend with the in-
crease of friction stiffness e. However, the impact of the change of
friction stiffness on the stable boundary is very small.
The extraction term of Eq. (9) can be expanded in a Taylor
series, and the ﬁrst three terms of which are
A 
1 1 pxn=e 1
2
ðpxn=eÞ2
	 

pxn=e
ð20Þ
The stable and unstable boundary can be expressed as
Al  1þ 1
2
pxn=e ð21Þ
Fig. 10 Amplitude for e= 0.3.
Fig. 11 Amplitude for e= 0.5.
Fig. 12 First approximation of friction.
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1
2
pxn=e 1 ð22Þ
It can be seen that both Al and Au are the functions of n/e, and
x is a slowly varying function of e. While n/e is given, for dif-
ferent e, the change of Al is very small, but the change of Au is
large because there is a component of inverse function about n/
e in Au.
The mechanism of different friction stiffness affects the sys-
tem stable region and critical aerodynamic damping ratio can
be explained from the energy viewpoint. As shown in Fig. 6,
for a given e, increase the value of n gradually, in this case,
the opening of the input energy curve becomes small gradually,
and Al increases, however, Au decreases. When the input en-
ergy curve is tangent to the dissipated energy curve, n is called
nc. In such a situation, if e increases, nc also increases.
4.4. Reliability analysis of analysis methods
These types of analytical methods are used to discuss the stabil-
ity of the 1.5-freedom system, and these methods have both
advantages and disadvantages. In the case of small DOF system,
the use of harmonic balance method and exact formulation may
derive the form of solution, however, the applicability of these
methods might be challenged with the increase of DOF, there-
fore, the analysis of multi DOF system generally adopts numer-
ical simulation method, and the choice of numerical simulation
methods is also a very important issue. The comparisons of the
results predicted by these types of methods for different friction
stiffness are depicted in Figs. 9–11.
From the results, it can be seen that the calculation of the
HBM, EF and NS_Newmark agree well in the prediction of
the system stability.
For HBM, the form of the system motion is assumed, and
ey is expanded in a Fourier series; at this point, the friction is
the form of harmonic function which is depicted in Fig. 12.
The nonlinearity of the system intensiﬁes with the increase of
the friction stiffness. It can be proved that the expression of
dissipated energy for the system deduced based on the form
of harmonic function is in unqualiﬁed agreement with Eq.
(19), that is, the HBM is free from the system nonlinearity.
The assumptive movement of HBM does not make the system
energy loss in the study of system stability, although the
assumptive form may be a little different from the real re-
sponse, therefore the precision of the formula deduced by
HBM is great. The expression of EF does not indicate that
there are two amplitudes in the system directly, and it needsFig. 9 Amplitude for e= 0.1.a lot of calculation to get the unstable boundary for NS. Com-
pared with EF and NS, the concept and conclusion of HBM
are simple, HBM therefore has certain advantages in the sta-
bility analysis.
For EF, the only assumption is that a cycle motion of sym-
metrical amplitude exists in the system, and there is not any
simpliﬁcation to the equation of the system’s motion, so the
form of the solving the equation is derived strictly mathemat-
ically. The stable boundary and unstable boundary of the sys-
tem can be predicted by solving the Eqs. (13), (16), and (17).
The absolute value of the sum of positive and negative ampli-
tude is used for the judgmental condition in the solving process
of the equations in the paper. When the absolute value is smal-
ler than the given error, the smallest one is recognized to be the
solving of the equation. It is worth pointing out that if substi-
tuting the equations of EF into the equations of input energy
and dissipated energy, and using the condition that the input
630 T. Tan et al.energy is equal to the dissipated energy as the judge criterion in
solving the equations, the results are in strict conformity with
the results of the previous method, which ensures the accuracy
of the computational method adopted in this paper.
In the prediction of unstable boundary by numerical simu-
lation method, for the same system parameters, the results of
Runge–Kutta are a little conservative than those of Newmark.
The reasons of the differences lie in the fact that not only the
set of the step size is different, but also the Runge–Kutta is a
dissipated algorithm14while the Newmark (d= 1/2, a= 1/4)
is a symplectic algorithm of the Hamilton system15 whose
characteristic is that the energy of system is not dissipated
while the phase error exists in the calculation of the response
of a system. Despite the fact that the Newmark has the phase
error while calculating the motion response, the amplitude of
the cycle motion is the only concerned in this paper; therefore,
it can get more satisﬁed results by the Newmark while calculat-
ing this kind of problem.
5. Conclusions
In this paper, harmonic balance method, exact formulation
and numerical simulation method are adopted to study the im-
pact of different friction stiffness on the stable region of a 1.5
degrees of freedom aeroelastic system. The conclusions can be
summarized as follows:
(1) With the friction stiffness rising, the system stable region
increases, and the critical aerodynamic damping ratio
also increases, while the change of friction stiffness has
little effect on the stable boundary.
(2) In the prediction of the system stable boundary, the
results of these three types of methods are in good agree-
ment, that is, the change of friction stiffness has little
effect on the stable boundary of the system.
(3) Compared with the exact formulation and numerical
simulation method, the concept and conclusion of har-
monic balance method are simple; therefore HBM has
certain advantages in the stability analysis.
(4) In solving a kinetic equation, the results of the Newmark
method are superior to those of Runge–Kutta method if
the amplitude of periodic motion is the only interest in
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